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A LINEAR-COMPLEXITY TENSOR BUTTERFLY ALGORITHM
FOR COMPRESSING HIGH-DIMENSIONAL OSCILLATORY
INTEGRAL OPERATORS

P. MICHAEL KIELSTRA*, TIANYI SHIT, HENGRUI LUO %, JIANLIANG QIAN §, AND
YANG LIUT

Abstract. This paper presents a multilevel tensor compression algorithm called tensor butterfly
algorithm for efficiently representing large-scale and high-dimensional oscillatory integral operators,
including Green’s functions for wave equations and integral transforms such as Radon transforms
and Fourier transforms. The proposed algorithm leverages a tensor extension of the so-called com-
plementary low-rank property of existing matrix butterfly algorithms. The algorithm partitions the
discretized integral operator tensor into subtensors of multiple levels, and factorizes each subtensor
at the middle level as a Tucker-type interpolative decomposition, whose factor matrices are formed in
a multilevel fashion. For a d-dimensional (d > 1) integral operator discretized into a 2d-mode tensor
with n2? entries, the overall CPU time and memory requirement scale as O(nd)7 in stark contrast
to the O(n?logn) complexity of existing matrix algorithms such as matrix butterfly algorithms and
fast Fourier transforms (FFT), where n is the number of points per direction. When comparing with
other tensor algorithms such as quantized tensor train (QTT), the proposed algorithm also shows
superior CPU and memory performance for tensor contraction. Remarkably, the tensor butterfly
algorithm can efficiently model high-frequency Green’s function interactions between two unit cubes,
each spanning 512 wavelengths per direction, which represent problems of scale over 512x larger
than that existing butterfly algorithms can handle, with the same amount of computation resources.
On the other hand, for a problem representing 64 wavelengths per direction, which is the largest size
existing algorithms can handle, our tensor butterfly algorithm exhibits 200x speedups and 30X mem-
ory reduction comparing with existing ones. Moreover, the tensor butterfly algorithm also permits
O(n%)-complexity FFTs and Radon transforms up to d = 6 dimensions.

Key word. butterfly algorithm, tensor algorithm, Tucker decomposition, interpolative decom-
position, quantized tensor train (QTT), fast Fourier transforms (FFT), fast algorithm, high-frequency
wave equations, integral transforms, Radon transform, low-rank compression, Fourier integral oper-
ator, non-uniform FFT (NUFFT)
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1. Introduction. Oscillatory integral operators (OIOs), such as Fourier trans-
forms and Fourier integral operators [32, 7], are critical computational and theoretical
tools for many scientific and engineering applications, such as signal and image pro-
cessing, inverse problems and imaging, computer vision, quantum mechanics, and
analyzing and solving partial differential equations (PDEs). The development of ac-
curate and efficient algorithms for computing OIOs has profound impacts on the
evolution of the pertinent research areas including, perhaps mostly remarkably, the
invention of the fast Fourier transform (FFT) by Cooley and Tukey in 1965 and the
invention of the fast multipole method (FMM) by Greengard and Rokhlin in 1987,
both of which were listed among the ten most significant algorithms discovered in the
20th century. Among existing analytical and algebraic methods for OIOs, butterfly al-
gorithms [53, 47, 37, 36, 58] represent an emerging class of multilevel matrix decompo-
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sition algorithms that have been proposed for Fourier transforms and Fourier integral
operators [8, 70, 69], special function transforms [65, 4, 56], fast iterative [54, 53, 48]
and direct [24, 43, 25, 26, 61, 44, 62] solution of surface and volume integral equations
for wave equations, high-frequency Green’s function ansatz for inhomogeneous wave
equations [45, 41, 49], direct solution of PDE-induced sparse systems [42, 13], and
machine learning for inverse problems [33, 35]. The (matrix) butterfly algorithms
leverage the so-called complementary low-rank (CLR) property of the matrix repre-
sentation of OIOs after proper row/column permutation. The CLR states that any
submatrix with contiguous row and column index sets exhibits a low numerical rank
if the number of the submatrix entries approximately equals the matrix size. These
ranks are known as the butterfly ranks, which stay constant irrespective of the ma-
trix sizes. This permits a multilevel sparse matrix decomposition requiring O(nlogn)
factorization time, application time, and storage units with n being the matrix size.

Despite their low asymptotic complexity, the matrix butterfly algorithms often-
times exhibit relatively large prefactors, i.e., constant but high butterfly ranks, par-
ticularly for higher-dimensional OIOs. Examples include Green’s functions for 3D
high-frequency wave equations [61, 45], 3D Radon transforms for linear inverse prob-
lems [17], 6D Fourier-Bros—lagolnitzer transforms for Wigner equations [15, 68], 6D
Fourier transforms in diffusion magnetic resonance imaging [11] and plasma physics
[18], 4D space-time transforms in quantum field theories [59, 50], and multi-particle
Green’s functions in quantum chemistry [21]. For these high-dimensional OIOs, the
computational advantage of the matrix butterfly algorithms over other existing algo-
rithms becomes significant only for very large matrices.

More broadly speaking, for large-scale multi-dimensional scientific data and op-
erators, tensor algorithms are typically more efficient than matrix algorithms. Popu-
lar low-rank tensor compression algorithms include CANDECOMP /PARAFAC [30],
Tucker [16], hierarchical Tucker [28], tensor train (TT) [57], and tensor network [12]
decomposition algorithms. See references [34, 23] for a more complete review of
available tensor formats and their applications. When applied to the representa-
tion of high-dimensional integral operators, tensor algorithms often leverage addi-
tional translational- or scaling-invariance property to achieve superior compression
performance, including solution of quasi-static wave equations [67, 66, 22, 14], elliptic
PDEs [3, 27], many-body Schrodinger equations [31], and quantum Fourier trans-
forms (QFTs) [9]. That being said, most existing tensor decomposition algorithms
will break down for OIOs due to their incapability to exploit the oscillatory structure
of these operators; therefore, new tensor algorithms are called for.

In this paper, we propose a linear-complexity, low-prefactor tensor decomposi-
tion algorithm for large-scale and high-dimensional OIOs. This new tensor algorithm,
henceforth dubbed the tensor butterfly algorithm, leverages the intrinsic CLR, prop-
erty of high-dimensional OIOs more effectively than the matrix butterfly algorithm,
which is enabled by additional tensor properties such as translational invariance of
free-space Green’s functions and dimensional separability of Fourier transforms. The
algorithm partitions the OIO tensor into subtensors of multiple levels, and factor-
izes each subtensor at the middle level as a Tucker-type interpolative decomposition,
whose factor matrices are further constructed in a nested fashion. For a d-dimensional
OIO (assuming a constant d > 1) discretized as a 2d-mode tensor with n being the size
per mode, the factorization time, application time, and storage cost scale as O(n?),
and the resulting tensor factors have small multi-linear ranks. This is in stark contrast
both to the O(n?logn) scaling of existing matrix algorithms such as matrix butterfly
algorithms and FF'Ts, and to the super-linear scaling of existing tensor algorithms. We
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mention that the linear complexity of the factorization time in our proposed algorithm
is achieved via a simple random entry evaluation scheme, assuming that any arbitrary
entry can be computed in O(1) time. We remark that, for 3D high-frequency wave
equations, the proposed tensor butterfly algorithm can handle 512x larger discretized
Green’s function tensors than existing butterfly algorithms using the same amount
of computation resources; on the other hand, for the largest sized tensor that can
be handled by existing butterfly algorithms, our tensor butterfly algorithm is 200x
faster than existing ones. Moreover, we claim that the tensor butterfly algorithm
instantiates the first linear-complexity implementation of high-dimensional FFTs for
arbitrary input data.

1.1. Related Work. Multi-dimensional butterfly algorithms represent a version
of matrix butterfly algorithms designed for high-dimensional OIOs [38, 10]. Instead
of the traditional binary tree partitioning of the matrix rows/columns [53], these
algorithms can be viewed as a modern version of [54] that permits quadtree and octree
partitioning of the matrix rows/columns, which have been demonstrated on 2D and
3D OIOs. For a general d-dimensional OIO, the d-dimensional tree partitioning leads
to a butterfly factorization with a d-fold reduction in the number of levels compared
to the binary tree partitioning. That said, the binary tree based butterfly algorithms
are easier to implement and exhibit very competitive overall costs comparing with the
multi-dimensional butterfly algorithms. We note that both the multi-dimensional and
binary tree-based butterfly algorithms are still matrix-based algorithms that scale as
O(n%logn), as opposed to the proposed tensor algorithm that scales as O(n?).

Quantized tensor train (QTT) algorithms, or simply TT algorithms, are tensor
algorithms well-suited for very high-dimensional integral operators. They have been
proposed to compress volume integral operators [14] arising from quasi-static wave
equations and static PDEs with O(logn) memory and CPU complexities. However,
for high-frequency wave equations, the QTT rank scales proportionally to the wave
number [14] leading to deteriorated CPU and memory complexities (see our numerical
results in Section section 4). Moreover, QTT has been proposed for computing FFT
and QFT with O(logn) memory and CPU complexities [9]. However, after obtaining
the QTT-compressed formats of both the volume-integral operator and the Fourier
transform, the CPU complexity for contracting such a QTT compressed operator with
arbitrary (i.e., non QTT-compressed) input data scales super-linearly. In contrast, our
algorithm yields a linear CPU and memory complexity for the contraction operation.

1.2. Contents. In what follows, we first review the matrix low-rank decompo-
sition and butterfly decomposition algorithms in section 2. In subsection 3.1, we in-
troduce the Tucker-type interpolative decomposition algorithm as the building block
for the proposed tensor butterfly algorithm detailed in subsection 3.2. The multi-
linear butterfly ranks for a few special cases are analyzed in subsection 3.2.1 and the
complete complexity analysis is given in subsection 3.2.2. Section 4 shows a variety
of numerical examples, including Green’s functions for wave equations, Radon trans-
forms, and uniform and non-uniform discrete Fourier transforms, to demonstrate the
performance of matrix butterfly, tensor butterfly, Tucker and QTT algorithms.

1.3. Notations. Given a scalar-valued function f(z), its integral transform is
defined as

(11) o(z) = / K(z,9)f(y)dy
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with an integral kernel K (x,y). The indexing of a matrix K is denoted by K(4, j)
or K(t,s), where 4,5 are indices and t,s are index sets. We use K to denote the

transpose of matrix K. For a sequence of matrices Ky, ..., K,, the matrix product is
n

(1.2) [[Xi=KiK,...K,,
i=1

the vertical stacking (assuming the same column dimension) is

(1.3) Kili = [K1;Ko; .. .1 Ka],
and
(1.4) diag,(K;) = diag(K;,Ka, ..., K,)

is a block diagonal matrix with K; being the diagonal blocks. Given an L-level binary-
tree partitioning 7z of an index set t = {1,2,---,n}, any node T at each level is a subset
of . The parent and children of 7 are denoted by p, and 7¢ (¢ = 1, 2), respectively,
and 7 =7t U T2,

A multi-index i = (i1, - -,iq) is a tuple of indices, and similarly a multi-set
T = (71,72, -, 7q) is a tuple of index sets. We define

(1.5) Thet = (T1, T2, s The 15ty Thop 1, Thep 2, - 5 Td)-

Given a tuple of nodes (i.e. a multi-set) 7 = (71,72, - -, 74) and a multi-index ¢ =
(c1,¢2, -, cq) with ¢; € {1, 2}, the children of T are denoted 7¢ = (71, 752, - -+, 74°?)
and the parents of 7;, i = 1,2, - - -,d can be simply written as pr = (pry, Pras -+ " Pry)-
Similar to the above-described notations, we can replace the index i in [K;]; and
diag;(K;) with an index set 7, a multi-index ¢, or a multi-set T assuming certain
predefined index ordering.

Given complex-valued (or real-valued) functions f(x) of d variables and inte-
gral operators K (z,y), the tensor representations of their discretizations are respec-
tively denoted by F € Cmxm2XXnd gpd JC € CmrXmzX XmaXnixnax=Xnd  ywhere
ny, -+ ,ng and my,--- ,my are sizes of discretizations for the corresponding vari-
ables. In this paper, we use matricization to denote the reshaping of K into a
(ITxmy) X (Ixng ) matrix, and the reshaping of F into a (IIyny) x 1 matrix. The entries
of F and K are denoted by F (%) (or equivalently F (i1, 42, -+, 1q4)) and K(4, 7), respec-
tively. Similarly the subtensors are denoted by F(7) (or equivalently F (7, 72, -, 7a))
and IC(7,v).

Given a d-mode tensor F € CmMxm2XXnd the mode-j unfolding is denoted by
FU) e CWezm6)%n5  the mode-j tensor-matrix product of F with a matrix X €
€™M is denoted by Y = F x; X, or equivalently Y = FUWXT,

2. Review of Matrix Algorithms. We consider a d-dimensional OIO kernel
K(x,y) with 2,y € R discretized on point pairs z° and 37/, i = 1,2,..., (myms -
“myg), 7 = 1,2,...,(ning - - - ng), where ¢ (and similarly j) is the flattening of the
corresponding multi-index 2. Such a discretization can be represented as a matrix
K e Clmimama)x(minzna) When it is clear in the context, we assume that mj =
ng =n for k = 1,...,d. Throughout this paper, we assume that K (and its tensor
representation) is never fully formed, but instead a function is provided to evaluate any
matrix (or tensor) entry in O(1) time. Next we review matrix compression algorithms
for K including low-rank and butterfly algorithms.
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2.1. Interpolative Decomposition. The interpolative decomposition (ID) al-
gorithm [29, 39] is a matrix compression technique that constructs a low-rank de-
composition whose factors contain original entries of the matrix. More specifically,
consider the matrix K(r,v) € C™*" +={1,2,...,m}, v = {1,2,...,n}, the column
ID of K (the index sets 7 and v are omitted for clarity in context) is

(2.1) K~K(;,7)V,

where the skeleton matrix K(:,7) contains r skeleton columns indexed by 7 C v and
the interpolation matrix V has bounded entries. Here the numerical rank r is chosen
such that

(2.2) IK - K(,7) V|7 < O |K|F

for a prescribed relative tolerance e. In practice, the column ID can be computed via
rank-revealing QR decomposition with a relative tolerance € [39]. Similarly, the row
ID of the matrix K reads

(2.3) K ~ UK(7,:),

where the skeleton matrix K(7,:) contains r skeleton rows indexed by 7 C 7 and the
interpolation matrix U has bounded entries. The row ID can be simply computed by
the column ID of K”. Combining the column and row ID in (2.1) and (2.3) gives

(2.4) K~ UK(7,7)V.

It is straightforward to note that the memory and CPU complexities of ID scale as
O(nr) and O(n?r), respectively. The CPU complexity can be reduced to O(nr?)
when properly selected proxy rows in (2.1) and columns in (2.3) are used in the rank-
revealing QR. Common strategies of choosing proxy rows/columns (henceforth called
prozy indez strategies) for integral operators include evenly spaced or uniform random
samples, and more generally the use of Chebyshev nodes and proxy surfaces (where
new rows K (T, 37) other than original rows of K are used with  denoting the proxies).
However, for large OIOs (e.g., Green’s functions of high-frequency wave equations
discretized with a small number of points per wavelength), the rank r depends on the
size n of the matrix; consequently, ID is not an efficient compression algorithm. Next,
we review the matrix butterfly algorithm capable of achieving quasi-linear memory
and CPU complexities for OIOs.

2.2. Matrix Butterfly Algorithm. For reasons discussed in subsection 1.1,
we only consider the binary tree based matrix butterfly algorithm as the reference
algorithm for the proposed tensor butterfly algorithm throughout this paper. Let
t°=1{1,2,---,m} and s = {1,2,- - -,n}. Without loss of generality, we assume that
m = n. The L-level butterfly representation of the discretized OIO K(t°, s%) is based
on two binary trees, T;o and T, and the CLR property of the OIO takes the following
form: at any level 0 <[ < L, for any node 7 at level [ of T;o and any node v at level
L —1 of T4, the subblock K(7,v) is numerically low-rank with rank 7., bounded by
a small number r called the butterfly rank [47, 36, 37, 58].

For any subblock K(7,v), the ID in (2.4) permits

(2.5) K(r,v) =~ U, K(7,7)V,,,

where the skeleton rows and columns are indexed by 7 and 7, respectively. It is worth
noting that given a node v, the selection of skeleton columns 7 depends on the node

5
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7. However, the notation - does not reflect the dependency when it is clear in the
context. By CLR, there are at most r skeleton rows and columns.

Without loss of generality, we assume that L is an even number so that L€ = L/2
denotes the middle level. At levels [ =0,...,L¢, the interpolation matrices V., are
computed as follows:

At level I = 0, V., are explicitly formed. While at level 0 < [ < L€, they are
represented in a nested fashion. To see this, consider a node pair (7,v) at level [ > 0
and let v', v? and p;, be the children and parent of v and 7, respectively. Let s be the
ancestor of v at level L€ of T, and let 7, denote the subtree rooted at s.

By (2.4), we have

K(r,v) = [K(’T, v K(r, 1/2)]
(26) ~ [K(T,ﬁ) K(T,ﬁ)] |:V;T’u1 . :|

prv?

S
pr V2

VS
(2.7) ~K(r,m)W:, { prov! ] :

Here W7 , and ¥ are the interpolation matrix and skeleton columns from the ID of
K (7, v1 Uv2), respectively. W, is henceforth referred to as the transfer matrix for
v in the rest of this paper. By CLR, W, , is of sizes at most r x 2r. Note that we
have added an additional superscript s to V,,_ - and W ., for notation convenience
in the later context. From (2.6), it is clear that the interpolation matrix V3 , can be

expressed in terms of its parent p,’s and children ', »?’s interpolation matrices as

S
pr V2

VS
(23) Vi, =we, | Ve |

Note that the interpolation matrices V3 , at level [ = 0 and transfer matrices W3 ,

at level 0 < [ < L° do not require the column ID on the full subblocks K(7,v) and
K(7,v! Ur?), which would lead to at least an O(mn) computational complexity.

In practice, one can select O(r,,,) proxy rows 7 C 7 to compute V3 , and W7 ,
via ID as:

(2.9) K(7,v) =~ K(#,7)V:,, =0,
(2.10) K(#,v'u?) = K(7,7)Ws,, 0<I<LC

The viable choices for proxy rows have been discussed in several existing papers [45,

58, 61, 8].

At levels [ = L¢, ..., L, the interpolation matrices U, , are computed by perform-
ing similar operations on K¥. We only provide their expressions here and omit the
redundant explanation. Let ¢ be the ancestor of v at level L¢ of T;o and let 7T; be the

subtree rooted at t. At level | = L, Utﬂy are explicitly formed. At level L¢ <[ < L,

t
T,V

only the transfer matrices P  are computed from the column ID of KT (v, 71 U 72)

satisfying
Ut
(2.11) Utw:{ Thee ]Pt

Combining (2.5), (2.8) and (2.11), the matrix butterfly decomposition can be
6
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Meaning Matrix butterfly —Tensor butterfly
Butterfly rank Tm T
Set/multi-set T,V T,V
k" set of multi-set - Ty Vi
Parent set/multi-set Pr Pr
Children set/multi-set T¢ T°
Root-level set/multi-set 0,50 t0, s0
Mid-level set/multi-set t,s t, s
Binary tree Tio, Tgo 05 7;2
Cardinality of leaf nodes cd Cy
Cardinality of root nodes nd n
Mid-level submatrix/subtensor K(t,3) K(t,3s)
Interpolation matrix Viy,Utm, Vf_’fz, Uﬁ’,’fj
Transfer matrix Wi’y,PtT’U Wk Pfr:’f,
Interpolation factor ﬁt, v’ ﬁt’k, vor
Transfer factor ﬁf’s, Wf’s f;’s’k, W;’S’k

Table 2.1: Notation comparison of the matrix butterfly algorithm in subsection 2.2 and
the tensor butterfly algorithm in subsection 3.2. Note that the subscript k in 7%, v,
in the tensor notations of the interpolation/transfer matrix and interpolation/transfer
factor for dimension k, is dropped for simplicity throughout this paper.

expressed for each node pair (t,s) at level L¢ of Ty and Ty as
E— ! t
(2.12) K(t,s) ~ U (HPl’S)K(t,s)< II WZ’S>VS.
1=1 I=Le

Here, t and § represent the skeleton rows and columns of the ID of K(¢,s). The
interpolation factors T and V' in (2.12) are

(2.13) U = diag, (U} o), 7 at level L of Ty,
(2.14) V= diag, (Vi ), v at level L® of Ty,
and the transfer factors P, and W, for [ = 1, ..., L¢ consist of transfer matrices

S S .
W3, and P7

7 at level [ — 1 of T, and t C 7,

v at level L¢ — 1 of T;

7 at level L¢ —1 of Ty,
vatlevel | —1 of Ty, and s C v.

(2.15)  W,° = diagf( [diag, (W3. )], )

t,s

(2.16) (P}")T = diag, ( [diag, ((PL,.)")], ),

Here 7¢ and v¢ with ¢ = 1,2 are children of 7 and v, respectively. For the ease
of comparison with the tensor butterfly algorithm in subsection 3.2, we list some
notations of the matrix butterfly algorithm in Table 2.1.

The CPU and memory requirement for computing the matrix butterfly decom-
position can be briefly analyzed as follows. Note that we only need to analyze the

7
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costs for V2 ,, W?  and K(#,5) as those for UL , and P , are similar. By the CLR
assumption, we assume that r., < r,V7,v for some constant r. Thanks to the use
of the proxy rows and columns, the computation of one individual V7 , and W3 , by
ID only operates on O(r) x O(r) matrices, hence its memory and CPU requirements
are O(r?) and O(r?), respectively. In total, there are O(2L°) middle-level nodes s
each having O(2%") numbers of V3, and O(Le2%") numbers of W2 . Similarly, each
K(%,3) requires O(r?) CPU and memory costs, and there are in total O(2%) middle-
level node pairs (¢, s). These numbers sum up to the overall O(nr?log n) memory and
O(nr3logn) CPU complexities for matrix butterfly algorithms.

For d-dimensional discretized OIOs K € C(m1ma2ma)x(ninzna) with my = ny, =
n, we can assume that n = Cp2% with some constant C,. For the above-described
binary-tree-based butterfly algorithm, the leaf nodes of the trees are of size C{ and
this leads to a dL-level butterfly factorization. The memory and CPU complexities for
this algorithm become O(dn%r?logn) and O(dn?r3logn), respectively. On the other
hand, the multi-dimensional tree-based butterfly algorithm [38, 10] leads to a L-level
factorization with O(29n%r?logn) memory and O(29n%r3logn) CPU complexities.
In this paper, we only use the binary-tree-based algorithm as the baseline matrix
butterfly algorithm. Despite their quasi-linear complexity for high-dimensional OIOs,
the butterfly rank r is constant but high, leading to very large prefactors of these
binary and multi-dimensional tree-based algorithms. In the following, we turn to ten-
sor decomposition algorithms to reduce both the prefactor and asymptotic scaling of
matrix butterfly algorithms. The proposed tensor decomposition explores additional
tensor compressibility of high-dimensional OIOs such as translational invariance of
free-space Green’s functions and dimensional separability of Fourier transforms. As
will be clear in the next section, the prefactor (dependent on the butterfly rank) can
be reduced by leveraging Tucker decomposition for tensorization of the middle-level
submatrices K(,5) of (2.12). The Tucker decomposition is further factored out along
each dimension in a nested fashion by simultaneously moving along the binary tree
of that dimension and d binary trees of other dimensions. As a result, the number
of transfer matrices becomes dominant only towards the middle level L¢, leading to a
factor of logn reduction in the asymptotic complexity.

3. Proposed Tensor Algorithms. In this section, we assume that the d-
dimensional discretized OIO in section 2 is directly represented as a 2d-mode tensor
IC € Crmxmexexmaxmxnax=xnda - We first extend the matrix ID algorithm in sub-
section 2.1 to its tensor variant, which serves as the building block for the proposed
tensor butterfly algorithm.

3.1. Tucker-type Interpolative Decomposition. Given the 2d-mode tensor
K(r,v) with 7, = {1,2,...,mi} and v, = {1,2,...,ni} for k = 1,...,d, the pro-
posed Tucker-type decomposition compresses each dimension independently via the
column ID of the unfolding of IC along the k-th dimension,

(3.1) K®~K® (;7)UF, KUOPNaKER (G ovE k=1, d,
where K*) € CdLizx %)X ig the mode-k unfolding, or equivalently
(3.2) KK (Them,v) xp UF, KaK(T, Vkewr) Xapre VE, k=1,...,d.

Here, 7, and 7, denote the skeleton indices along modes k and d+k of IC, respectively,
while T = and vy p; denote multi-sets that replace 7, and vy, respectively, with 7

8
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Fig. 3.1: Tensor diagrams for (a) the Tucker-ID decomposition of a 4-mode tensor,
and (b) the matrix partitioner corresponding to a 2¢ x 2 partitioning with d = 2 used

in the tensor butterfly decomposition of a 2d-mode tensor, such as [Ws’k,j} in (3.14)
Cc

c
T,

for fixed s, 7,k and v, or {Pt’k

T’VC} in (3.13) for fixed ¢, v,k and 7. Here, each of the
Cc

row and column dimensions is connected to a partitioning node. Each partitioning
node has a parent edge with an arrow pointing to the dimension to be partitioned,
and several children edges connected to the parent edge. The weight of the parent

edge (i.e., the number of columns or rows of the matrix) equals the sum of the weights
E

 (in green) and

of the children edges. (c) The tensor diagram involving blocks Vi,
blocks [Wf_ck,/} (in blue) for fixed s and k for the tensor butterfly decomposition of

a 2d-mode tensor.

and 7. Combining (3.2) for all dimensions yields the following proposed Tucker-type
decomposition,

(3.3) K~K(7,7) <;f[1 ka’f) <;f[1 ><d+kV’“),

where, T = (71,72, ...,74), U = (V1, 73, ..., 7q), the core tensor IC(T, D) is a subtensor
of K, and U* and V* are the factor matrices for modes k and d + k, respectively.

See Figure 3.1(a) for the tensor diagram of (3.3) for a 4-mode tensor, which
has the same diagram as other existing Tucker decompositions such as high-order
singular value decompositions (HOSVD) [16]. However, unlike HOSVD that leads to
orthonormal factor matrices, the proposed decomposition leads to factor matrices with
bounded entries and the core tensor with the original tensor entries. Therefore, the
proposed decomposition is named Tucker-type interpolative decomposition (Tucker-
ID). It is worth noting that there exist several interpolative tensor decomposition
algorithms [6, 51, 52, 60, 55]. However they either use original tensor entries in the
factor matrices (instead of the core tensor) [51, 60, 6] or rely on a different tensor
diagram [52]. Note that the structure-preserving decomposition in [55] is similar to
Tucker-ID but relies on sketching instead of proxy indices for the construction. As will
be seen in subsection 3.2, the Tucker-ID algorithm is a unique and essential building
block of the tensor butterfly algorithm.

Just like HOSVD, one can easily show that if the approximations in (3.1) hold
true up to a predefined relative compression tolerance € as

K — KO (7 UM [ < e[, k=1,...,d,
(3.4) KD KD ) VEp < elKlle, k=1,....d,

9
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then the Tucker-ID of (3.3) satisfies

(3.5) Hx-zc(nu)(i[l kak) (kf[l ><d+kvk>

< eV2d||K||p.
F

The memory and CPU complexities of Tucker-ID can be briefly analyzed as fol-
lows. Assuming that my = n; = n and maxy, [Tr|=maxy [Ux| = r is a constant (we
will discuss the case of non-constant r in subsection 3.2.3), the memory requirement
is simply O(drn + r2?), where the first and second term represent the storage units
for the factor matrices and the core tensor, respectively. The CPU cost for naive
computation of Tucker-ID is O(drn?? 4 r2?), where the first term represents the cost
of rank-revealing QR of the unfolding matrices in (3.1), and the second term repre-
sents the cost forming the core tensor IC(7,7). In practice, however, the unfolding
matrices do not need to be fully formed and one can leverage the idea of proxy rows
in subsection 2.2 to reduce the cost for computing the factor matrices to O(dnr??).
We will explain this in more detail in the context of the proposed tensor butterfly
decomposition algorithm.

Just like the matrix ID algorithm, Tucker-ID is also not suitable for representing
large-sized OIOs as the rank r depends on the size n. That said, the Tucker-ID rank
is typically significantly smaller than the matrix ID rank, as it exploits more com-
pressibility properties across dimensions by leveraging e.g. translational-invariance
or dimensional-separability properties of OIOs; see subsection 3.2.1 for a few of such
examples. In what follows, we use Tucker-ID as the building block for constructing a
linear-complexity tensor butterfly decomposition algorithm for large-sized OIOs.

3.2. Tensor Butterfly Algorithm. Consider a 2d-mode OIO tensor IC(t°, V)
with 8% = (£9,¢9,...,9), 8% = (8,59, ...,89), 2 = {1,2,...,mx}, 82 = {1,2, ...,y },
k=1,2,...,d. Without loss of generality, we assume that my = ny = n. We further
assume that each ¢} (and s})) is binary partitioned with a tree T;o (and Tgo) of L levels
for k=1,2,...,d.

To start with, we first define the tensor CLR property as follows:

e For any level 0 <[ < L¢ any multi-set 7 = (71, 72,...,7q) with 7;,7 < d at level
l of To any multi-set s = (s1, S2,...,84) with s;,% < d at level L¢ of To any
mode 1 < k < d, and any node v at level L¢ — [ of 7, , the mode-(d + k) unfolding
of the subtensor (7, Sk, ) is numerically low-rank (with rank bounded by r),
permitting an ID via (3.2):

(3.6) K(T, Sker) = K(T, Skev) Xdtk V;"_’fj
e For any level 0 <[ < L€, any multi-set v = (v1,va,...,14) with v;,7 < d at level
[l of 7'50, any multi-set t = (t1,ta,...,tq) with ¢;,7 < d at level L€ of Tpo, any

mode 1 < k < d, and any node 7 at level L°¢—1 of T;,, the mode-k unfoldlng of the
subtensor K(tg« -, ) is numerically low-rank (with rank bounded by r), permitting
an ID via (3.2):

(3.7) K(teer,v) ~ K(teer,v) x, ULL,

In essence, the tensor CLR in (3.6) and (3.7) investigates the unfolding of judiciously
selected subtensors rather than the matricization used in the matrix CLR. Moreover,
the tensor CLR requires fixing d — 1 modes of the 2d-mode subtensors to be of size
O(4/n) while changing the remaining d + 1 modes with respect to . Therefore each

10
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ID computation can operate on larger subtensors compared to the matrix CLR. In
subsection 3.2.1 we provide two examples, namely a free-space Green’s function tensor
and a high-dimensional Fourier transform, to explain why the tensor CLR is valid, and
in subsection 3.2.2 we will see that the tensor CLR essentially reduces the quasilinear
complexity of the matrix butterfly algorithm to linear complexity. Here, assuming
that the tensor CLR holds true, we describe the tensor butterfly algorithm. We note
that there may be alternative ways to define the tensor CLR different from (3.6) and
(3.7), and we leave that as a future work. To avoid notation confusion, we list some
notations of the tensor butterfly algorithm in Table 2.1.

In what follows, we focus on the computation of Vf_’f, (corresponding to the
mid-level multi-set s), as U%% (corresponding to the mid-level multi-set ¢) can be
computed in a similar fashion. At level [ = 0, Vf_’; are explicitly formed. At level
0 <l < L° they are represented in a nested fashion. Let Pr = (DrysPros -+ Pry)
consist of parents of 7 = (11, 72,...,74) in (3.6).

By the tensor CLR property, we have

,
pr,v?

s,k
’C(T, Sk(—l/) ~ ’C(T,skeVTUVj) Xd+k [ prvt s.k ]
Vs,k
vl
(38) ~ ’C(T,Skeg) Xd+k (W_"s_vf:i [ P, Vs k ] )
Pr,V

Comparing (3.8) and (3.6), one realizes that the interpolation matrix V&% is
represented as the product of the transfer matrix W% and dlagC(Vs’k c). Here, the
transfer matrix Wf.’f, is computed as the 1nterpolat10n matrix of the column ID of
the mode-(d + k) unfolding of IC(7,s,, -7 -z). As mentioned in section 3, in practice
one never forms the unfolding matrlx in full, but instead considers the unfolding of
IK(7,8,, i ;z), where 7 = (71,72,...,74) and 8 = (31,582,...,84); here 7; and 3;
consist of O(r) judiciously selected indices along modes i and d—l—z respectively. Note
that &, is never used as it is replaced by v! Uv2 in (3.8). The same proxy mdex
strategy can be used to obtain V&% at the level [ = 0. For each Wk or V&K it
computation requires O(r2¢+1) CPU time.

Similarly in (3.7), UL is explicitly formed at [ = 0 and constructed via the

transfer matrix Pi’ffj at level 0 <1 < L

Uy
K(trer,v) =~ K(t,, = =v)xp | 7P -
Ufz,pu
Utk
(39) ~ ’C(tke?, U) Xk (Pf_’lf, Py tk ‘| )
) U 72
72,py
Putting together (3.6), (3.7), (3.8) and (3.9), the proposed tensor butterfly de-
composition can be expressed, for any multi-set ¢t = (¢1,%2,...,tq) with ¢; at level L¢
of Tio and any multi-set s = (51, 52,...,5q4) with s; at level L¢ of T, by forming a
Tucker-ID for the (t, s) pair:
(3.10)
=t,s, k—t k t,s, k
e 9 [T o I 770%)) (T v (L 99"
I=Le I=L¢

11

This manuscript is for review purposes only.



436

437

438
439

440
441
442
443
144
445
446
447
448

449

PN

N

B

,._
ot Ot Ot Ut Ut Ot Ut
T W N =

Ot
~ D C

,._,._
ot ot
©

460
461
462
463
464
465
166
467
468
469
470
471
472

Here, t and 3 represent the skeleton indices of the Tucker-ID of KC(t,s). The

. . Ttk 7Sk .
interpolation factors U and Vo" in (3.10) are:

(3.11) Tt = diagT(Ui’]zo), T at level L¢ of Ty, ,

(3.12) vt = diagy(Vf[;ky), v at level L¢ of T, ,
—t,s,k —t,s.k .

and the transfer factors P; and W, forl=1, ..., L° are:

(313) B = diag, ( [ding, (PL}

T,V°¢

T at level L° —1[ of Ty, ,
)} )’ v; at level [ — 1 of Ts?,si Cuy;,i < d;
7; at level [ — 1 of ﬁg,ti Cr,i<d,

—=t,8,k . . s,k
(314 W, dlag.,_( [dlagy(WTc’U)L), v at level L —1[ of Ty, .

One can verify that when d = 1, the tensor butterfly algorithm (3.10) reduces
to the matrix butterfly algorithm (2.12). But when d > 1, the tensor butterfly algo-
rithm has a distinct algorithmic structure so that the corresponding computational
complexity can be significantly reduced compared with the matrix butterfly algorithm.
Detailed computational complexity analysis is provided in subsection 3.2.2.

To better understand the structure of the tensor butterfly in (3.10), (3.11), (3.12),
(3.13), and (3.14), we describe its tensor diagram here. We first create the tensor
diagram for a matriz partitioner as shown in Figure 3.1(b), which represents a 2¢ x 2

block partitioning of a matrix such as [Wicky] in (3.14) for fixed s, 7,k and v,
or [Pt’k

”,c] in (3.13) for fixed t,v,k and 7. In Figure 3.1(b), each of the row and
column dimensions is connected to a partitioning node. The row partitioning node has
a parent edge with an arrow pointing to the row dimension to be partitioned, and 2
children edges connected to the parent edge. Similarly, the column partitioning node
has a parent edge with an arrow pointing to the column dimension to be partitioned,
and 27 children edges connected to the parent edge. The weight of the parent edge
(i.e., the number of columns and rows of the matrix) equals the sum of the weights

of the children edges. The diagram in Figure 3.1(c) shows the connectivity for all

Vfélfy (the green circles) and [W_Sr’ck)y}c (the blue circles) for fixed s and k. The
multiplication or contraction of all matrices in Figure 3.1(c) results in fok for all
mid-level multi-sets ¢, which are of course not explicitly formed.

As an example, consider an OIO representing the free-space Green’s function in-
teraction between two parallel facing unit square plates in Figure 3.2. The tensor is
K2, j) = K(xi’yj) = M where z* = (%a %270)7 yj = (%a %71)7 p= ‘xi _yj|
and w is the wavenumber. Here 1 represents the distance between the two plates.
Consider an L=2-level tensor butterfly decomposition, with a total of 16 middle-level
multi-set pairs. Let (¢, s) denote one middle-level multi-set pair with ¢ = (¢1,t2) and
s = (s1,52) as highlighted in orange in Figure 3.2(b). Their children are i, 3,3, t2
and si,sl s? s3. Leveraging the representations in Figure 3.1(b)-(c), the full di-
agram for IC(t,s) consists of one 4-mode tensor KC(t,5) (highlighted in orange in
Figure 3.2(a)), one transfer matrix per mode, and two factor matrices per mode. In
addition, we plot the full connectivity for two other multi-set pairs (highlighted in
green in Figure 3.2(a)). It is important to note that the factor matrices and transfer
matrices are shared among the multi-set pairs.

12
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Fig. 3.2: (a) Tensor diagram for the tensor butterfly decomposition of L = 2 levels
of a 4-mode OIO tensor representing (b) high-frequency Green’s function interactions
between parallel facing 2D unit squares. Only the full connectivity regarding three
middle-level node pairs is shown (the two green circles and one orange circle in (a)).

The orange circle in (a) represents the core tensor KC(t,3) for a mid-level pair (t,s)
with ¢ = (¢1,t2), 8 = (s1, s2) highlighted in orange in (b).

The proposed tensor butterfly algorithm is fully described in Algorithm 3.1 for a
2d-mode tensor JC € CMixmax Xmaxnixnax-xXnd which consists of three steps: (1)
computation of V&% and W2 starting at Line 1, (2) computation of U%% and P%%
starting at Line 17, and (3) computatlon of IC(t,’3) starting at Line 33. We note that,
after each KC(t,3) is formed, we leverage floating-point compression tools such as the
ZFP software [40] to further compress it.

Once K is compressed, any input tensor F € C"t*"2X " XmaX"v can contract with
it to compute G = K Xgy1,d+2,...2¢ F. It is clear to see that the contraction is
equivalent to matrix-matrix multiplication G = KF, where G € ClLimsxnv K ¢
CILymexIli e and F e Cllk™*"v are matricizations of G, I and F, respectively,
and n, is the number of columns of F. The contraction algorithm is described in
Algorithm 3.2 which consists of three steps:

(1) Contraction with Vf.’f, and Wf.’f, For each level ] = 0, 1,..., L¢, one notices that,
since the contraction operation for each multi-set 7 with 7; at level I of Ty and
the middle-level multi-set s is independent of each other, one needs a se;;arate
tensor Fr s to store the contraction result for each multi-set pair (7,s). Frs

can be computed by mode-by-mode contraction with the factor matrices V> for
I =0 (Line 6) and the transfer matrices diag, (W2%) for I > 0 (Line 8).
(2) Contraction with K(£,3) at the middle level. Tensors at the middle level Fy o
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are contracted with each subtensor IC(¢,5) separately, resulting in tensors Gy s =
K(t,3) Xay1,d+2,..2d Ft,s-

(3) Contraction with Ut% and P%% . As Step (1), for each level | = L¢, L¢71, ... 0,
the contraction operation for each multi-set v with v; at level [ of T, and middle-
level multi-set t is independent. At level [ > 0, the contribution of tensors Gt is
accumulated into G p, (Line 26); at level [ = 0, the contraction results are stored

in the final output tensor G(t,1 : n,) (Line 24).

3.2.1. Rank Estimate. In this subsection, we use two specific high-dimensional
examples, namely high-frequency free-space Green’s functions for wave equations and
uniform discrete Fourier transforms (DFTSs) to investigate the matrix and tensor CLR
properties, and compare the matrix and tensor butterfly ranks r,, and r, respectively.
For the Green’s function example, the tensor CLR property is a result of matrix CLR,
and translational invariance, and r; is much smaller than r,,; for the DFT example, the
tensor CLR property is a result of matrix CLR and dimensionality separability, and
r¢ is exactly the same as r,,, of 1D DFTs. For more-general OIOs, such as analytical
and numerical Green’s functions for inhomogeneous media, Radon transforms, non-
uniform DFTs, and general Fourier integral operators, rigorous rank analysis is non-
trivial and we rely on numerical experiments in section 4 to demonstrate the efficacy
of the tensor butterfly algorithm.

High-frequency Green’s functions. We use an example similar to the one used
in subsection 3.2. Consider an OIO representing the free-space Green’s function in-
teraction between two parallel-facing unit-square plates. The n X n X n X n tensor
is

. ;i exp(—iwp)
(3.15) K(i,5) = K(2*,y) = — 5

where 2t = (i, 2 0), 47 = (L, 2 p ), wis the wavenumber, and p = |2 —y7|. Here
Pmin represents the distance between the two plates assumed to be sufficiently large.
In the high-frequency setting, n = Cpw with a constant C, independent of n and w,
and the grid size is 6, = 0y = % per dimension. It has been well studied [53, 54, 20, 5]
that for any multi-set pair (7,r) (assuming that each set of the multi-set T or v
contains contiguous indices) leading to a subtensor KC(7,v) of sizes my X mg X ny X ngy
with m;,n; < n, the numerical rank of its matricization K € C™1™2X™M"2 can be
estimated as

w2a2n1n2

2
Pmin

(3.16) T = w2a0p+ A, ~ +A,.

n2

Here a is the radius of the sphere enclosing the target domain of physical sizes mid, X

mady. 0 =~ n:nl‘m, ¢~ nZim, and the product 6¢ represents the solid angle covered

by the source domain as seen from the center of the target domain. Note that ﬁ

approximately represents the Nyquist sampling rate per direction needed in the source

domain. The e-dependent term A, = O(log e~!) according to analysis in [53, 54]. The
matrix and tensor butterfly ranks can be estimated as follows:

o Matriz butterfly rank: Consider a matrix butterfly factorization of matricization of
IC. By design, for any node pair at each level, min; = maone = Cyn, where C’f
represents the size of the leaf nodes. Therefore, the matrix butterfly rank can be
estimated from (3.16) as

Gy

pFmin
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Algorithm 3.1 Construction algorithm for the tensor butterfly decomposition of a
2d-mode tensor JC € Cm1X72XXma X1 Xng X XNd

Input: A function to evaluate a 2d-mode tensor /C(z, j) for arbitrary multi-indices
(i,7), binary partitioning trees of L levels 7;2 and ng with roots ¢ = {1,2,...,mg}

and sg ={1,2,...,n}, a relative compression tolerance e.
Output: Tensor butterfly decomposition of IC: (1) Vf_’fj at [ =0 and Wf_’f/ at
1 <1< L° of k <d for multi-set 7 with node 7; at level [ of 7;?, multi-set s with
node s; at level L¢ of 7,0, and node v at level L¢ —1 of subtree Ty, (2) ULk at 1=0
and Pi‘;’f, at 1 <11 < L€ of k < d for multi-set v with node v; at level [ of ’7;?,
multi-set ¢ with node ¢; at level L¢ of ’7;?, and node 7 at level L — [ of subtree T, ,
and (3) subtensors K(t,5) at | = L°.

1: (1) Compute Vf.’,’f, and W.,s.’,’f,:

2: for level [ =0,...,L° do

3: for multi-set s = (s1,...,sq) with s; at level L¢ of T do
4: for multi-set 7 = (71,72, ...,74) with 7; at level [ of T.,o do
5: for mode index £ =1,...,d do ’
6: for node v at level L® — [ of 7, do
7 if { =0 then > Use (3.6) with proxies 7, § and tolerance €
8: Compute V¥ and ¥ via mode-(d + k) unfolding of (7, 8x )
9: else > Use (3.8) with proxies 7, § and tolerance ¢
10: Compute W% and 7 via mode-(d + k) unfolding of
K(7, 8, o152)
11: end if
12: end for
13: end for
14: end for
15: end for
16: end for

17: (2) Compute U%Y and PL%:
18: for level [ =0,...,L° do
19: for multi-set t = (1, ...,tq) with ¢; at level L of T;o do

20: for multi-set v = (v1,v2,...,vq) with v; at level [ of T,o do
21: for mode index £ =1,...,d do '
22: for node 7 at level L —1[ of T;, do
23: if { =0 then > Use (3.7) with proxies £, & and tolerance ¢
24: Compute Ui’,'f, and T via mode-k unfolding of K:(f:keﬂ v)
25: else > Use (3.9) with proxies ¢, & and tolerance e
26: Compute Pi’f,ﬁ and 7 via mode-k unfolding of ’C(ike?lufh v)
27: end if
28: end for
29: end for
30: end for
31: end for
32: end for
33: (3) Compute K(t,3):
34: for multi-set s = (s1,...,s4) with s; at level L¢ of ng do
35: for multi-set ¢t = ({1,...,tq) with ¢; at level L of 7;? do
36: Compute KC(t,5) and ZFP compress it
37: end for
38: end for
15
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Algorithm 3.2 Contraction algorithm for a tensor butterfly decomposition with an
input tensor
Input: The tensor butterfly decomposition of a 2d-mode tensor
IC € Crmxmexeexmaxmxne X xnd and a (full) d + 1-mode input tensor
F € Cmxn2xxnaxny where n, denotes the number of columns of F(4+1),
Output: The d 4+ 1-mode output tensor G = IC X4y1,d+2,....2¢ F where
GcCm XM X XM XNy
1: (1) Multiply with Vi’,’f, and Wi’f,
2: for level [ =0,...,L° do

3 for multi-set s = (s1,52...,8q4) with s; at level L¢ of 7;? do

4 for multi-set 7 = (71,72, ...,74) with 7; at level [ of T,0 do

5 if | = 0 then '

6: Fro=F(s,1:n,) [0, xx V"

7 else

8 Frs=Fp..s HZ:I XkdiagV(Wf.’,’f,) > v at level L¢ —1 of Ty,
9: end if

10: end for

11: end for

12: end for

13: (2) Contract with K(¢,3):
14: for multi-set t = (¢1,t2...,tq) with ¢; at level L of T;o do

15: for multi-set s = (s1,82...,8q4) with s; at level L¢ :)f T.o do

16: ZFP decompress K(t,8) and compute Gt s = IC(t,8) Xa+1,d+2,....2d Ft,s
17: end for

18: end for

19: (3) Multiply with U%% and P%%:
20: for level [ = L°,...,0 do
21: for multi-set t = (t1,¢2,...,tq) with ¢; at level L of T;0 do

22: for multi-set v = (v1,va,...,vq) with v; at level { 07f T, do

23: if { =0 then > Compute and return G
24: G(t,1:n,) =G, szl Xkﬁt’k

25: else

26: Gip, +=Gio [0, xrdiag, (PLY) > 7 at level L° — 1 of T¢,
27: end if

28: end for

29: end for

30: end for

m1

Here we have assumed a = . Note that r,, is a constant independent of n, and
therefore the matrix CLR proplerty holds true.

e Tensor butterfly rank: Consider an L-level tensor butterfly factorization of K. We
just need to check the tensor rank, e.g., the rank of the mode-4 unfolding of the
corresponding subtensors at Step (1) of Algorithm 3.1, as the unfolding for the
other modes can be investigated in a similar fashion. Figure 3.3(a) shows an exam-
ple of L = 2, where the target and source domains are partitioned at [ = 0 (top)
and [ = L¢ =1 (bottom) at Step (1) of Algorithm 3.1. Consider a multi-set pair
(T, Skr) with k = 4 required by the tensor CLR property in (3.6). Figure 3.3(a)
highlights in orange one multi-set pair at [ = 0 (top) and one multi-set pair at
I = L¢ (bottom). Mode 4 is highlighted in green (in all subfigures of Figure 3.3),
which needs to be skeletonized by ID. By (3.16), the rank of the matricization of
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(a) (b) (c)
Fig. 3.3: Ilustration of the tensor CLR property with L = 2 for a 4-mode ten-
sor representing free-space Green’s function interactions between parallel facing unit
square plates. (a) The target and source domains are partitioned at [ = 0 (top)
and [ = L¢ = 1 (bottom) with a multi-set pair (7, sx., ) highlighted in orange for
the skeletonization along mode 4. The sizes of the nodes are |1| = mq,|ra| = m1,
|si| = n1 and |v| = ng. (b) Illustration of the rank of the matricization of IC(7, sk )
used in the matrix butterfly algorithm. Here a is the radius of the sphere enclosing the
target domain of physical sizes m19, X m2d,. 0 = n"nlm, ¢~ np"r:in, and the product
0¢ represents the solid angle covered by the source domain as seen from the center of
the target domain. (c) Illustration of the rank of the mode-4 unfolding of IC(7, Sxy)
used in the tensor butterfly algorithm. Here, a’ is the radius of the sphere enclosing
the enlarged target domain. The source domain is reduced to a line segment of length

ngéy.

KC(7, Sk ) is no longer a constant as the tensor butterfly algorithm needs to keep
ny = |s1| = n/2"" (see Figure 3.3(b)). However, due to translational invariance

of the free-space Green’s function, i.e., K(z% y9) = K(&,4), where # = (0, 2,0),

. . . '
7= (2", 2 puin), the mode-4 unfolding of K(7, sk, ) is the matrix represent-
ing the Green’s function interaction between an enlarged target domain of sizes
(m1 + n1)d; X maed, and a source line segment of length nyd,. Therefore its rank

(hence the tensor rank) can be estimated as

1
2
wanz _|_A€ S ﬁ—FAe,

min pPmin

(3.18) re & wa g+A ~

’
wa

where a’ is the radius of the sphere enclosing the enlarged target domain and p—
approximately represents the Nyquist sampling rate on the source line segment.
The last inequality is a result of a’ ~ "“T;"Ll < @ and mano = Cyn. Here, the
critical condition ny < my is a direct result of the setup of the tensor CLR in (3.6):
1 < L¢and ny = |s1| = n/2"° (ie., s; is fixed as the middle level set as I changes).
One can clearly see from (3.18) that r; is independent of n, and thus the tensor
CLR property holds true.

We remark that the tensor butterfly rank r; in (3.18) is significantly smaller
than the matrix butterfly rank r,, in (3.17) with r; =~ 2,/r,,. One can perform similar
analysis of r,, and r; for different geometrical settings, such as a pair of well-separated
3D unit cubes, or a pair of co-planar 2D unit-square plates. We leave these exercises
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to the readers.
Discrete Fourier Transform. Our second example is the high-dimensional discrete
Fourier transform (DFT) defined by

(3.19) KC(3,5) = exp(2miz® - y9)
with 2% = (iy — 1,49 — 1,...,iq — 1) and 3/ = (%, %,,%) We first notice
that, since
(3.20) exp(2mizt - yi) = ﬁ exp (27Ti(ik - 1)(jk — 1)>
n

k=1

to carry out arbitrary high-dimensional DFTs one can simply perform 1D DFTs one
dimension at a time (while fixing the indices of the other dimensions) by either 1D
FFT or 1D matrix butterfly algorithms. We choose the 1D butterfly approach as our
reference algorithm. For each node pair at dimension k discretized into a my X ng
matrix, we assume that mgng = Cyn. It has been proved in [8, 70] that this leads to
the matrix CLR property and each 1D DFT (fixing indices in other dimensions) can
be computed by the matrix butterfly algorithm in O(nlogn) time with a constant
butterfly rank r,,. Overall this approach requires O(dn?logn) operations.

In contrast, the tensor butterfly algorithm relies on direct compression of e.g.,
mode-k unfolding of subtensors IC(T, sg, ). Consider any submatrix K, € C"**"
of this unfolding matrix K*); by fixing ip and j, with p # k, its entry is simply

. (m(ik — (i — 1))

n

scaled by a constant factor

TTew (znwp ~1Gs - 1>>

p#k

of modulus 1. Therefore the tensor butterfly rank is
(3.21) ry = rank(K®) = rank(Kup) = -

The tensor CLR property thus holds true, and the tensor rank is exactly the same as
the 1D butterfly algorithm per dimension. However, as we will see subsection 3.2.2,
our tensor butterfly algorithm yields a linear instead of quasi-linear CPU complexity
for high-dimensional DFTs.

3.2.2. Complexity Analysis. Here we provide an analysis of computational
complexity and memory requirement of the proposed construction algorithm (Al-
gorithm 3.1) and contraction algorithm (Algorithm 3.2), assuming that the tensor
butterfly rank 7, is a small constant and d > 1. Recall that the 2d-mode tensor IC
has size n and a binary tree (To or Ty) of L levels along each mode k. L = L/2
denotes the middle level. We refer the readers to Table 2.1 to recall the notations of
the multi-set, k' set, mid-level subtensor, transfer matrix, and interpolation matrix,
etc.

At Step (1) of Algorithm 3.1, each level 1 <[ < L€ has #s = O(\/ﬁd), Hr =24
#v = O(y/n/2') for each mode k < d. Each W% requires O(r7) storage, and
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O(r2%*1) computational time when proxy indices 7,  are being used. The storage
requirement and computational cost for Wf_'ﬁ are:

e
(822)  memw =y dO(vn")2"0(v/n/2)O(7) = O(dn"r?),
=1
Le .
(323)  timew =) dO(vn")2"0(vn/2)O(7"™*!) = Odn"r7 ™).
1=1
One can easily verify that the computation and storage of Vf_’f/ at [ = 0 is less

)

dominant than W2* at [ > 0 and we skip its analysis.

T,V

At Step (2) of Algorithm 3.1, we have #s = O(\/ﬁd) and #t = O(\/ﬁd), and
each KC(t,3) requires O(r??) computation time and storage units (even if it is further
ZFP compressed to reduce storage requirement), which adds up to

(3.24) memy = O(vn)O(vVrn)Or24) = O(nr2d),
(3.25) timex = O(vn")O(vn)O(r2?) = O(nr24).

Step (3) of Algorithm 3.1 has similar computational cost and memory requirement
to Step (1) when contracting with the intermediate matrices PY%  with memp ~

T,V
memyy and timep ~ timey .
Overall, Algorithm 3.1 requires

320 s — ey -+ e+ memp = O(nr),
(3.27) time = timey + timeg + timep = O(dnr24H1).

Following a similar analysis, one can estimate the computational cost of Algo-
rithm 3.2 as O(nr?9n,), which is essentially of the similar order as mem of Algo-
rithm 3.1, except an extra factor n, representing the size of the last dimension of the
input tensor.

One critical observation is that the time and storage complexity of the tensor
butterfly algorithm is linear in n? with smaller ranks r;, while that of the matrix
butterfly algorithm is quasi-linear in n® with much larger ranks r,,,. This leads to a
significantly superior algorithm, as will be demonstrated with the numerical results
in section 4. That being said, one can verify that there is no difference between the
two algorithms when d = 1.

3.2.3. Comparison with Tucker-ID and QTT. Here we make a comparison
of the computational complexities of the matrix butterfly algorithm, tensor butterfly
algorithm, Tucker-ID and QTT for several frequently encountered OIOs with d = 2, 3,
namely Green’s functions for high-frequency wave equations (where d = 2 represents
two parallel facing unit square plates and d = 3 represents two separated unit cubes),
Radon transforms (a type of Fourier integral operators), and DFT. We first summarize
the computational complexities of the factorization and application of matrix and
tensor butterfly algorithms in Table 3.1. Here we use r to denote the maximum rank
of the submatrices or (unfolding and matricization of) subtensors associated with each
algorithm. In other words, we drop the subscript of r,,, and r; in this subsection. We
note that » = O(1) for butterfly algorithms, and the computational complexity for
matrix and tensor butterfly algorithms is, respectively, O(dn?logn) and O(dn?), for
all OIOs considered here.
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Factor time Apply time r
Algorithm d=2 d=3 d=2 d=3 d=2 d=3
Tensor butterfly n? n3 n? n’ 1 1
Matrix butterfly n?logn nilogn | nflogn n’logn 1 1
Tucker-1D nt nt — nb* n? nt — nb* n n
QTT (Green&Radon) | n®logn  n3logn | n'logn n’logn n n
QTT (DFT) logn logn n*logn  n’logn 1 1

Table 3.1: CPU complexity of the tensor butterfly algorithm, matrix butterfly algo-
rithm, Tucker-ID and QTT when applied to high-frequency Green’s functions (d = 2
represents two parallel facing unit square plates and d = 3 represents two separated
unit cubes), DFT and Radon transforms. Here we assume that tensor butterfly, ma-
trix butterfly and Tucker-ID algorithms use proxy indices, and the QTT algorithm
uses TT-cross. The big O notation is assumed. *: for d = 3, the complexity of
Tucker-ID is n® for Radon transform and DFT, and n* for Green’s function.

The Tucker-ID algorithm in subsection 3.1 (even with the use of proxy indices
to accelerate the factorization), always leads to r = O(n) for OIOs and hence almost
always O(n??) factorization and application complexities (see Table 3.1). One excep-
tion is perhaps the Green’s function for d = 3, where one can easily show that 4 out of
the 6 unfolding matrices have a rank of O(n) and the remaining 2 have a rank of O(1),
leading to the O(n*) computational complexity. Overall, we remark that Tucker-type
decomposition algorithms are typically the least efficient tensor algorithms for OIOs.

The QTT algorithm, on the other hand, is a more subtle algorithm to compare
with. Assuming that the maximum rank among all steps in QT'T is r, we first summa-
rize the computational complexities of the factorization and application of QTT. For
factorization, we only consider the T'T-cross type of algorithms, which yields the best
known computational complexity among all TT-based algorithms. The computational
complexity of TT-cross is O(dr®logn) [14, 57]. Once factorized, the application cost
of the QTT factorization with a full input tensor is O(dr?nlogn) [14]. This com-
plexity can be reduced to O(dr?r?logn) when the input tensor is also in the QTT
format with TT rank r;. However, an arbitrary input tensor can have a TT rank up
to r; = O(n%/?) (which leads to the same application cost as contraction with a full
input tensor). Therefore in our comparative study, we stick with the O(dr?nlogn)
application complexity.

For high-frequency Green’s functions and general-form Fourier integral operators
(e.g. Radon transforms), the TT rank in general behaves as r = O(n) [14], leading
to a factorization cost of O(dn®logn) and an application cost of O(dn?*logn), as
detailed in Table 3.1. It is worth mentioning that, treating DFTs as a special type
of Fourier integral operators, QTT can achieve » = O(1) when a proper bit-reversal
ordering is used [9], leading to a factorization cost of O(dlogn) and an application
cost of O(dn?logn), as shown in Table 3.1. In contrast, the proposed tensor butterfly
algorithm can always yield O(dn?) factorization and O(n?) application costs.

4. Numerical Results. This section provides several numerical examples to
demonstrate the accuracy and efficiency of the proposed tensor butterfly algorithm
when applied to large-scale and high-dimensional OIOs including Green’s function
tensors for high-frequency Helmholtz equations (subsection 4.1), Radon transform
tensors (subsection 4.2), and high-dimensional DFTs (subsection 4.3). We compare
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our algorithm with a few existing matrix and tensor algorithms including the matrix
butterfly algorithm in subsection 2.2, the Tucker-ID algorithm in subsection 3.1, the
QTT algorithm [57], the FFT algorithm implemented in the heFFTe package [1], and
the non-uniform FFT (NUFFT) algorithm implemented in the FINUFFT package
[2]. All of these algorithms except for Tucker-ID (sequential implementation in For-
tran2008 via the ButterflyPACK package [46]) and FINUFFT (Python interface to
the C backend with shared-memory parallelism) are tested in distributed-memory par-
allelism. The reference binary-tree-based matrix butterfly algorithm in subsection 2.2
is implemented in Fortran2008 with distributed-memory parallelism [47], available in
the ButterflyPACK package [46]. The proposed tensor butterfly algorithm is also
available in the ButterflyPACK package with distributed-memory parallelism (which
will be described in detail in a future paper). The matrix and tensor butterfly al-
gorithms leverage ZFP to further compress the middle-level submatrices and subten-
sors, respectively. It is worth noting that currently there is no single package that
can both compute and apply the QTT decomposition in distributed-memory parallel-
ism. In our tests, we perform the factorization using a distributed-memory TT code
(fully Python) [63] that parallelizes a cross interpolation algorithm [19], and then we
implement the distributed-memory QTT contraction via the CTF package (Python
interface to the C++ backend) [64]. All experiments are performed using 4 CPU
nodes of the Perlmutter machine at NERSC in Berkeley, where each node has two
64-core AMD EPYC 7763 processors and 128GB of 2133MHz DDR4 memory.

4.1. Green’s functions for high-frequency Helmholtz equations. In this
subsection, we consider the tensor discretized from 3D free-space Green’s functions
for high-frequency Helmholtz equations. Specifically, the tensor entry is

(4.1) li.g) = Rt

where w represents the wave number. Two tests are performed: (1) A 4-way tensor
representing the Green’s function interaction between two parallel facing unit plates
with distance 1, i.e., 2* = (%, %,O), Yy = (%, %, 1), and d = 2. (2) A 6-way tensor
representing the Green’s function interaction between two unit cubes with the distance
between their centers set to 2, i.e., #* = (2,2 ) i = (L 12 J349) andd = 3. For
both tests, the wave number is chosen such that the number of points per wave length
is 4, ie., 2mn/w = 4 or C, = 2/m. We first perform compression using the tensor
butterfly, Tucker-ID and QTT algorithms, and then perform application/contraction
using a random input tensor F. We also add results for the matrix butterfly algorithm
using the corresponding matricization of /IC and F.

Figure 4.1 (left) shows the factorization time, application time and memory usage
of each algorithm using a compression tolerance ¢ = 1076 for the parallel plate case.
For QTT, we show the memory of the factorization (labeled as “QTT(Factor)”) and
application (labeled as “QTT(Apply)”) separately. Note that although QTT factor-
ization requires sub-linear memory usage, QTT contraction becomes super-linear due
to the full QTT rank of the input tensor. Overall, we achieve the expected com-
plexities listed in Table 3.1 for the butterfly and Tucker-ID algorithms. For QTT,
however, instead of an O(n) rank scaling, we observe an O(n3/*) rank scaling, leading
to slightly better complexities compared with Table 3.1. We leave this as a future
investigation. That said, the tensor butterfly algorithm achieves the linear CPU
and memory complexities for both factorization and application with a much smaller
prefactor compared to all the other algorithms. Remarkably, the tensor butterfly al-
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Fig. 4.1: Helmholtz equation: Computational complexity comparison among butterfly
matrix, butterfly tensor, Tucker-ID and QTT for compressing (left) a 4-way Green’s
function tensor for interactions between two parallel 2D plates and (right) a 6-way
Green’s function tensor for interactions between two 3D cubes. The geometries are
discretized with 4 points per wavelength. (Top): Factor time. (Middle): Factor and
apply memory. (Bottom): Apply time. The largest data points correspond to 8192
wavelengths per direction for the 2D tests (left) and 512 wavelengths per direction for
the 3D tests (right).

gorithm achieves a 30x memory reduction and 15x speedup, capable of handling 64x
larger-sized tensors compared with the matrix butterfly algorithm.

Figure 4.1 (right) shows the factorization time, application time and memory
usage of each algorithm using a compression tolerance e = 10~2 for the cube case.
Overall, we achieve the expected complexities listed in Table 3.1 for all four algorithms.
The tensor butterfly algorithm achieves the linear CPU and memory complexities for
both factorization and application with a much smaller prefactor compared to all the
other algorithms. Remarkably, the tensor butterfly algorithm achieves a 30x memory
reduction and 200x speedup, capable of handling 512x larger-sized tensors compared
with the matrix butterfly algorithm. The largest data point n = 2048 corresponds
to 512 wavelengths per physical dimension. The results in Figure 4.1 suggest the
superiority of the tensor butterfly algorithm in solving high-frequency wave equations
in 3D volumes and on 3D surfaces.

Next, we demonstrate the effect of changing compression tolerance ¢ for both test
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n” [ € [rmm| r | eror | Ty(sec) | T, (sec) | Mem (MB) |
163842 | 1E-02 ) 8 | 1.49E-02 | 6.83E+01 | 1.16E+00 | 2.40E+04
163847 | 1E-03 10 | 2.19E-03 | 1.17TE+02 | 1.89E4-00 | 4.69E+04
163842 | 1E-04 11 | 1.84E-04 | 1.57TE402 | 2.80E4-00 | 7.49E4-04
163842 | 1E-05 12 | 3.46E-05 | 2.29E+02 | 4.03E4-00 | 1.21E+405
163842 | 1E-06 9.26E-06 | 3.18E+402 | 5.92E+00 | 1.96E4-05

WIN| N DN ©O| O | S
—
w

5123 1E-02 5 | 2.01E-02 | 1.18E+02 | 1.42E4-00 | 1.19E+04
5123 1E-03 6 | 1.18E-03 | 3.46E+02 | 4.08E+00 | 4.87E+04
5123 1E-04 7 | 8.39E-05 | 6.26E+02 | 9.85E+00 | 1.49E405
5123 1E-05 8 | 9.21E-06 | 1.25E+03 | 2.40E+01 | 4.07E+05

Table 4.1: The technical data for a 4-way Green’s function tensor of n = 16384 and
a 6-way Green’s function tensor of n = 512 for the Helmholtz equation using the
proposed tensor butterfly algorithm of varying compression tolerance e. The table
shows the maximum rank r and minimum rank r.,;, across all ID operations, relative
error in (4.2), factor time T, apply time T,, and memory usage Mem.

cases in Table 4.1. Here the error is measured by

I Xat1,d+2,...2a Fe — KBr Xat1,d+2,.2a4 FellF

4.2) et I X dt1,d+2,....2d FellF

where ICpp is the tensor butterfly representation of IC, F.(j) = 1 for a small set of
random entries j and 0 elsewhere. This way, K does not need to be fully formed to
compute the error. Table 4.1 shows the minimum rank (rpi,) and maximum rank
(r), error, factorization time, application time and memory usage of varying e, for
n = 16384,d = 2 and n = 512,d = 3. We remark that the observed ranks clearly
demonstrate A, = O(loge™1) in (3.18). Overall, the errors are close to the prescribed
tolerances and the costs increase for smaller €, as expected. We also note that keeping
r as low as possible is critical in maintaining small prefactors of the tensor butterfly
algorithm, particularly for higher dimensions.

4.2. Radon transforms. In this subsection, we consider 2D and 3D discretized
Radon transforms similar to those presented in [8]. Specifically, the tensor entry is

(43) ]C(’Lh]) = exp(Qﬂ'iQS(:L‘i,yj))

with z¢ = (&, &2 ,%) and yd = (j1—2,j2—2,...,ja— %). For d = 2, we consider

(4.4) $a,y) =2 -y +\/ctyf + c3y3,
c1 = (2 4+ sin(27zy ) sin(27x2)) /16,
ca = (2 4 cos(2mxy) cos(2mas))/16.
For d = 3, we consider
(4.5) ¢(x,y) =2 -y +clyl,
¢ = (3 +sin(2mzy) sin(2wz2) sin(27wx3))/100.

We first perform compression using the matrix butterfly, tensor butterfly, and QTT
algorithms, and then perform application/contraction using a random input tensor
F.
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Fig. 4.2: Radon transforms: Computational complexity comparison among butterfly
matrix, butterfly tensor and QTT for compressing (left) a 2D Radon transform tensor
and (right) a 3D Radon transform tensor. (Top): Factor time. (Middle): Factor and
apply memory. (Bottom): Apply time.

Figure 4.2 shows the factorization time, application time and memory usage of
each algorithm using a compression tolerance ¢ = 1073 for the 2D transform (left)
and 3D transform (right). Overall, we achieve the expected complexities listed in
Table 3.1 for all three algorithms. The QTT algorithm can only obtain the first 2 or
3 data points due to its high memory usage and large QTT ranks. In comparison,
the tensor butterfly algorithm achieves the linear CPU and memory complexities for
both factorization and application with a much smaller prefactor compared to all
the other algorithms. Note that the Radon transform kernels in (4.4) and (4.5) are
not translational invariant, but the tensor butterfly algorithm can still attain small
ranks. As a result, the tensor butterfly algorithm can handle 64x larger-sized Radon
transforms compared with the matrix butterfly algorithm, showing their superiority
for solving linear inverse problems in tomography and seismic imaging.

Next, we demonstrate the effect of changing compression tolerance e for both test
cases in Table 4.2 with the error defined by (4.2). Table 4.2 shows the minimum
and maximum ranks, error, factorization time, application time and memory usage
of varying €, for n = 2048 with d = 2 and n = 128 with d = 3, respectively. Overall,
the errors are close to the prescribed tolerances and the costs increase for smaller e,
as expected. Just like the Green’s function example, it is critical to keep r a low
constant, particularly for higher dimensions.
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[ n" | € [rmm]| r | eror | Ty(sec) | T, (sec) | Mem (MB) |

20482 | 1E-02 4 18 | 2.04E-02 | 9.32E+01 | 7.20E-01 1.25E+04
20482 | 1E-03 4 20 | 1.51E-03 | 1.61E402 | 1.28E4-00 | 2.40E+04
20482 | 1E-04 4 22 | 1.49E-04 | 2.55E+02 | 2.05E+00 | 4.26E404
20482 | 1E-05 4 23 | 2.45E-05 | 3.73E4-02 | 3.12E+00 | 6.95E+04
1283 | 1E-02 2 6 | 4.31E-02 | 3.89E+01 | 8.57E-01 1.59E+04
128% | 1E-03 2 8 | 1.00E-02 | 1.31E4-02 | 3.74E4-00 | 9.44E+404
1283 | 1E-04 2 9 | 1.68E-03 | 2.42E402 | 8.28E+400 | 2.38E+05
128% | 1E-05 2 11 | 1.48E-04 | 4.30E4-02 | 2.05E401 | 6.06E+05

Table 4.2: The technical data for a 4-way Radon transform tensor of n = 2048 in
(4.4) and a 6-way Radon transform tensor of n = 128 in (4.5) using the proposed
tensor butterfly algorithm of varying compression tolerance e. The table shows the
maximum rank 7 and minimum rank 7,;, across all ID operations, relative error in
(4.2), factor time Ty, apply time T,, and memory usage Mem..

4.3. High-dimensional discrete Fourier transform. Finally, we consider
high-dimensional DFTs defined as

(4.6) K(i,3) = exp(27rio:i . yj)7

where we choose xt = (i; — Lig —1,...,0q — 1) and 7 = (%, ”T_.l,...,jdgl) for
uniform DFTs, and we choose 2* to be random (in the sense that «}, € [0,n — 1] for
k < d is a random number) and y? = (%, %7 RN jdgl) for type-2 non-uniform
DFTs. For high-dimensional DFTs with d = 3,4, 5,6, we perform compression using
the tensor butterfly algorithms (with the bit-reversal ordering for each dimension),
and perform application/contraction using a random input tensor F. In comparison,
for d = 3 we perform FFT via the heFFTe package for the uniform DFT example and
NUFFT via the FINUFFT package for the type-2 non-uniform DFT example.

Figure 4.3 shows the factorization time for the butterfly algorithm (or equiva-
lently the plan creation time for heFFTe/FINUFFT), application time and memory
usage of each algorithm using a compression tolerance ¢ = 1073 (for butterfly and
FINUFFT) for the uniform (left) and nonuniform (right) transforms. Overall, the ten-
sor butterfly algorithm can obtain O(n?) CPU and memory complexities compared
with the O(n?logn) complexities of FFT and NUFFT. It is also worth mentioning
that QTT can attain logarithmic-complexity uniform DFTs [9] when the input tensor
F is also in the QTT form with low TT ranks. However, for a general input ten-
sor, the complexity of QTT falls back to O(n%logn). Although the proposed tensor
butterfly algorithm can obtain the best computational complexity among all existing
algorithms, we observe that for the d = 3 case, FFT or NUFFT shows a memory
usage similar to the tensor butterfly algorithm but much smaller prefactors for plan
creation and application time. That said, the tensor butterfly algorithm provides
a unique capability to perform higher dimensional DFTs (i.e., d > 4) with optimal
asymptotic complexities.

5. Conclusion. We present a new tensor butterfly algorithm efficiently com-
pressing and applying large-scale and high-dimensional OIOs, such as Green’s func-
tions for wave equations and integral transforms, including Radon transforms and
Fourier transforms. The tensor butterfly algorithm leverages an essential tensor CLR
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Fig. 4.3: Fourier transforms: Computational complexity of (left) butterfly tensor and
heFFTe for compressing the high-dimensional DFT tensor and (right) butterfly tensor
and FINUFFT for compressing the high-dimensional NUFFT tensor. (Top): Factor
time of butterfly tensor and plan creation time for heFFTe/FINUFFT. (Middle):
Factor memory. (Bottom): Apply time.

property to achieve both improved asymptotic computational complexities and lower
leading constants. For the contraction of high-dimensional OIOs with arbitrary input
tensors, the tensor butterfly algorithm achieves the optimal linear CPU and memory
complexities; this is in huge contrast with both existing matrix algorithms and fast
transform algorithms. The former includes the matrix butterfly algorithm, and the
latter contains FFT, NUFFT, and other tensor algorithms such as Tucker-type de-
compositions and QTT. Nevertheless, all these algorithms exhibit higher asymptotic
complexities and larger leading constants. As a result, the tensor butterfly algorithm
can efficiently model high-frequency 3D Green’s function interactions with over 512x
larger problem sizes than existing butterfly algorithms; for the largest sized tensor
that can be handled by existing algorithms, the tensor butterfly algorithm requires
200x less CPU time and 30x less memory than existing algorithms. Moreover, it
can perform linear-complexity Radon transforms and DFTs with up to d = 6 di-
mensions. These OIOs are frequently encountered in the solution of high-frequency
wave equations, X-ray and MRI-based inverse problems, seismic imaging and signal
processing; therefore, we expect the tensor butterfly algorithm developed here to be
both theoretically attractive and practically useful for many applications.

The limitation of the tensor butterfly algorithm is the requirement for a tensor
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grid, and hence its extension for unstructured meshes will be a future work. Also, the
mid-level subtensors represent a memory bottleneck and need to be compressed with
more efficient algorithms.
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